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Abstract — This paper considers the problem of multi-step Here we attempt to address the problem of steering a
scheduling the measurement of several Gauss-Markov systepgsam (as do [4, 3], though as we have said they take a
Such a problem occurs, for example, in the allocation of the timgjite different approach). Our aim is to discuss optimal
of a single beam phased-array radar system among several tatheduling algorithms for sensor tracking systems for mul-
gets. The problem is put into a mathematical framework and fﬁ)le targets. The motivation for this work came from a
solved for the case of two one-dimensional systems for which Pé%lar context, where several targets are being tracked by a
cost function is the sum of the variances of the estimates of hﬁ ' . o

phased array system. The radar is capable of switching at-
states of the two systems. . . .

tention among the targets. The goal is to devise a schedule
Keywords: multi-step schedule, Gauss-Markov, dynamic projolicy) to do this in such a way as to optimize a measure

gramming, adaptive phased-array radar of track error. While this would seem considerably simpler
than the problem of switching the many other radar param-
1 Introduction eters in addition to beam direction, it is relatively easy to

see using the concept of a “virtual target” that the problems

Modern radar systems with phased array antennas havedteessentially the same. As we have already stated, various
capacity to switch beam patterns and direction, waveformmethodologies for this are considered in the literature.
pulse repetition intervals (PRIs) and other modes on a PRIIn our approach the targets are assumed to have a simple
by PRI basis. When these modes affect the performance@hamicm model. We Writyff) for the state of theth sys-
the transmit side of the system, it is important to select them (target) at epoch, andz,, for one measurement of the
most appropriate mode of the radar to optimally perform it§/stem at that epoch. We note here that only one system is
function within its present environment. observed at any one epoch, so that there may be no mea-

For such scheduling problems, it is necessary to haggrement for a specific system at a given epoch. The states

a cost function of the mode of the radar (PRI, Waveforngr,(n) for each system satisfy a non-interacting dynamical
beam pattern and direction, etc) that reflects the functigfodel, namely the Gauss-Markov system:

that the radar has to perform, as well as some measure of the

current environment. The simplest method of scheduling ygfil = Fyﬁf) + WSf)

such a system is the so-called “greedy” approach in which 5 . (i) (4) (1)
n — n o .

the mode is chosen for the next PRI so as to optimize this z z; (tn, 0) (Hy +37)

cost function at that PRI. If the system is attempting to track

a target (or targets) such a cost function might be expressere yﬁf) is a member oRY, z, is a member oR™,

ible in terms of the track error covariance matrix. This tect¥ and H are N x N and M x N matrices, representing
nigue is explored by Evans and Kershaw in [1, 2]. There thge dynamics and the measurement processyapdand
waveforms are scheduled to optimize the track error cova{,igi) are independent Gaussian processes. It is assumed that
ance. Their approach isgreedyone, in that the schedule, e grer targets. Apolicy is a sequencer = (u,) of
seeks only to choose gppropriate waveform to optimize tnﬁegers with values in the range 7. If u,, = 7, then the
value of the cost function at the next PRI. ith target is observed on theh PRI. This is reflected in

This greedy approach is not necessarily the best that gag (1) by the functio which has the meaning:
be done if it is possible to perform scheduling over multiple
PRIs. Various approaches to this problem have been at- ) 1 ifu=i
tempted, mostly based on a hidden markov model (HMM) O(u, i) = { @)
structure for the dynamics of the system (see [3, 4, 5, 6]).

While partial solutions are available in this context, none &hen the policy does not select to measure a target the re-
entirely satisfactory. All known methods that seek optimasult is zero. From the perspective of the tracker, noise is
ity or near-optimality are computationally intensive. It imdded as a result of the noisy dynamics, but not compen-

clear that much remains to be understood here. sated by a measurement.

0 otherwise.



An appropriate cost function is expressed in terms ahd

the track error covariance matriR\” as produced by the E [U(i)v(i)T] = R;.
Kalman filter for theith target. Specifically, We assume that these processes are tracked using a
N Kalman filter to update the state estimates whenever a mea-
Tn(u) — h(PW), 3) Surement becomes available. The evolution of the trackmg
n (W) ;zl: (P 3 process can be completely expressed, of course, in terms

of the state estimate and the filtered state error covariance.
whereh is some appropriate function on the set of positivBince the cost functiod only involves the latter, it is its
definite matrices and taking positive real values. Two posgiynamics that are important for our problem.
bilities for h are the trace and the determinant. The problemFor eachi, the filtered state error covariance evolves as

is then to choose an optimal poliy., us,...,ux) as a (dropping the superscriptfor the moment),
function only of the initial state/y that minimizes the cost ) ) )
function Jy (u). Op = 0p_1+ X (8)

This problem appears very difficult, and here we restrigt,o measurement is taken of thid system at timey; that

attention just to the one-dimensional case. In this case th@i&t , £ ;. If a measurement is taken the Kalman update
is no loss of generality in making’ and H the identity equation yields

matrix. Thus the system becomes

. 2 _ ( 2 +22)(1 + 22 + 0-72171)—1 (9)
yhy = )+ wld (@) In = R R2
2, = Z (un, ) (y$ +0D). (5) for the evolution of the error covariance. Note that Eq. (8)
p is just Eq. (9) withR = co.

) ) ~ Our goal is to minimize the sum of the track error vari-
Such a case might exist, for example, where range onlyggces for each of the two systems

under consideration. However, our main interest is in un-

derstanding the mathematics of this simple case to guide 2(1) 2(2)

research on the more general problem. Z("n +o,7)
For simplicity too, for the most part we consider only the n=1

case when there are just two systems under observation. &eer some finite horizon of lengtlV, and over the set of

two systems it is possible to visualize the dynamics of ttadl policiesu = (uq,us,...,uxy_1), Where eachs; takes

systems. The restriction to two systems does not appeatte valuel or 2. This denotes the choice of system being

be serious and it seems to be relatively easy to extend theasured at each epoch.

results to more than two. Now we can consider the problem as that of determining
The key theorem is that for the systems we are interestéi@ optimal control of a controlled deterministic dynamical

in in this paper the optimal solution is the greedy algsystem. It is convenient to change the notation (if only to

rithm. In other words if, at thexth epoch, we choose toeliminate the exponer2):

observe the system which optimizes the component of the ) ) ) ‘

{xn1+2 , if u, #1

N
(10)

cost) . h(P,(L")) , then this will optimize the total cost over (i) _ o

any finite horizon starting at time. This somewhat surpris- (xﬁf)_l + 331+ %Z + ””;%;1 U ifu, =1,
ing result has important consequences for practical schedul- (11)
ing if it persists to more complex and realistic systems. \here we have defined

would say that there is no need to develop complicated and @) ()2

computationally intensive algorithms for scheduling such Tp' =0n " - (12)

systems. We do not believe, however, that the result does riher simplification of the mathematics can be

persist. Nonetheless it is important to understand at whathieved by replacing by X2, noting that>? = 0 would
point the greedy approach ceases to be optimal and this ga- gegenerate case in which there would be no point in ob-
per represents a contribution to our understanding of thatserving the system since its dynamics are then completely

determined. The equations now simplify to

2 Problem Formulation

@) - ,
, x +1, if u, #i
As already stated, we assume two state space models xﬁf) = "(;)1 () \_1 7 )
(Infl +1)(1+C+an71) if Up =1,
&) @) gy 6 , (13)
Yni1 Un " . . ©) wherec = 1%. Observe that the non-measurement case
Zp = Z 8 (un,9) () +0$), (7)  now corresponds to= 0.

Itis convenient to express this dynamical system in terms

. () () of maps ofR* to itself. We define
where the noise processes,’),, and(vy,”’ ), (i = 1,2) are

independent, white and Gaussian with S@)=z+1
z+1 (14)
A )T _ v2 = .
Elw®w®7] = 33 T = v a



These two transformations dneear fractional transforma-  An interesting generalization of the problem would re-
tions that is, transformations of the forii(z) = gﬁd”. placeS by T with a different value ot (other tharD). This
More particularly they each have determinaatl (— bc) would correspond to a situation of two different measure-
equal to 1. It follows from the linear fractional transformament processes with different noise on each process and
tion property that composition of the transformations canith the capability of switching their use between the two

be calculated in terms of the corresponding matrices: targets.

S ~ (é D 3 Dynamic Programming Solution
15
T 1 1 (15) We describe here the solution to this problem. No proofs
“\e c+1 of the major results will be given; these will be published

_ _ _ - in a forthcoming paper. We note first that a state of the
We shall be interested in multiple compositions of the tweontrolled deterministic dynamical system is describable in
mapsS andT of the formS*1T*2S5ws T%m wherew, terms of the paix = (x(l),z(2)) and that, as we have al-

are non-negative integers. The resulting majRonis also  ready stated, the dynamics is given in terms of the transfor-
a linear fractional transformation whose matrix is the comationst/(!) andU(®.

responding product of matrices. We begin by stating the theorem. To do so we define
It should be observed, too, that maps any point: in

R to the (half-open) intervgl 1y, 1) whereas, of course, _ 1 if 2 > 2@

S shiftsz to the right byl. In factT is a contraction oiR.+ ind(x) = 5 otherwise. (21)

(with contraction coefficient /(c + 1)2) and therefore has

a unique fixed point Theorem 1 For the problem described in Section 2 the op-

1 1 timal control is
T = 5(\ /14 i 1) (16) u, = ind(xy) (22)

. . . forn=1---N —1.
in R*. In other words, continued observation of one system

will result in a variance that approaches this value.

It may be claimed that this does not produce the solu-
We note too that

tion we said we needed, since the choice of policy at epoch

(1+c)z+2+c¢ n is determined by the value of,. However, the dynam-
ST(x) = T artet1l ics of the system are entirely known, so we know in ad-
vance wherex,, is, and so the policy can be determined in
and 49 advance. In fact, in our problem the dynamics permit us
§—_*TT= to describe the optimal solution in advance in very simple
cr+2c+1 terms
are also contractions with fixed points To do this, we need to define certain regions of the plane.

5 First we describe a collection of hyperbolae
zsT =4/ —+1
N \/‘37 a7 MY ={x:SPE@P) =T} (k=0,1,2,..)

rrs =/ +1-1. HY = {x: THa®) = $* D)} (k=0,1,2,...).
¢ (23)
Note that these are repeated inverse images of the line
(M = £ under the map&’V) andU?, respectively.
U(1)($(1) x(2)) _ (T(x(l)) S(x(2))) Note that they are rectangular hyperbolae with asymptotes
’ ’ (18) parallel to the coordinate axes.
The region between the hyperbola&;), , , and HY,

we write asA\”, (k = 0,1,2,...,i = 1,2). Fig. 1 illus-

Now we define two mapg ), U : R? — R? by

U@ (M 2@ = (S(zW), T(=?))

Writing x,, = (=, 2?)), we see that the dynamics aré .
given %yx (@, 2n7) y trates these regions fer= 0.1 andk = 0, - - - , 3. These re-
i ions tile the positive quadrant of the plane, as can be seen.
Xpi1 = UD(x,) (19 9 P d P

In fact, for some values of some of the hyperbolae will
if system: = 1,2 is observed at time.. The cost for a not even intersect the positive quadrant and then the tiling
given policyu = (uq,us,...,uy) and initial statexy is is degenerate. Note that the structure of the regions is, of

now given by course, symmetric about the diagonal i = 1.
N We need to make one further observation before we can
J(x0, 1) = Z f(U(un)U(unfl) . U(ul)xo), (20) de.sc.rlbe the d){namms associated YVI.th the opnmgl solution.
— This is that the image o4 undert/ (" is contained i)

(here we use the convention thja# ). It should be noted

wheref(x) = z() + z(2), that in a more general context this may not be the case. To



variance until its variance drops below that of the other sys-
tem. From that point the systems are viewed alternately.

We note too that the result of this optimal policy is that
the state of the system converges (exponentially fast) to a
situation where it flips between the points

(mST,xTS):(\/%—i—l,\/%—f—l—l) (29)

(rrs,zsT) = (\/i—kl—l,\/i—i—l). (30)

In terms of the original system (equations (8) and (9)),
these points become

(l V2R? £ 1, %(\/232 F1-1)) @Y

and

by
and ) .
(E(\/2R2+1— 1),5\/2R2+1), (32)
respectively.
Fig. 1: The Regionsi, > k = 0,--- ,3 for the Case: =
0.1 4 Scalar Kalman Filter, M Systems

Theorem 1 can be extended &6 similar systems, where

see that this is true here, assume that yo) € Aél); that
; we assume that only one can be measured at any one epoch.

is,
20 > Yo, We have
(24)
T(xo) < S(yo)- (@0 2@ .. g0 .00
If we applyU™ to it we obta(ig)(xl,yl) = (T(z0), S(yo)) B T(xff),l)7 if i-th system is measured, ig, = i
In order to provgzy,y1) € Ay, we need to show that = S(x,(le) for all systemsj i,
Y1 > Ty, (25) (33)
T(y1) < S(a1). wherei,j = 1,--- ,M andT(z), S(x) are as defined in

) - ) Section 2. The problem is to minimize
We note thatS — 7' is positive {t is always better to mea-
N M
J=> Y "a. (34)

surg, asisST — T'S, since
n=11:=1

c(2x + 3 + cx? + 3cx + 2¢)
T-T = . (26
(S 5)(z) (cx+c+1)(cx+2c+1) > 0. (26)

In this case the optimal control at eaclis

(It is always better to measure latgtt follows that un = ind(x) = arg min(x(i))_ (35)
y1 — 21 = S(yo) — T'(x0) >0 (27) .
5 Conclusion

and We have described an optimal policy for the scheduling

of the measurement of several one-dimensional Gauss-
S(@1)=T(y1) = ST(20)=TS(yo) > (ST=TS)(yo) ?22) Markov models subject to the cost function that is the sum
ng the variances of the individual systems. This optimal pol-
that U@ (A®) ¢ AW icy is exactly the greedy policy in the sense that it chooses,
a (Ag ).C 0 - . i ._at each epoch, the action that reduces the component of
Now we are in a position to describe the optimum policy, o st for that epoch. Moreover, it is also the policy
Suppose that we start in r_egiatfj) (k=0,1,...). Inthis  that chooses at each epoch to measure the system with the
case we apply/ () k + 1 times. Each application movesjargest variance. For two systems this results in a policy
the system one region closer to the diagonal until finally {{hich is ultimately alternating in that it switches attention
crosses the diagonal, where it must go im%}) in the light  at each epoch between the two systems.
of what we have just proved. At this point we switch to ap- This work attacks the simplest problem in the scheduling
plying U), mapping the system inmé” again. From this of observation of multiple Gauss-Markov systems. More
point on the policy alternates between applyitif) and work is needed to handle higher dimensional and more re-
UU). Thus the optimal is to observe the system with largatistic systems.

This gives the conclusion we need. By symmetry, it follo
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